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The Game Loop Revisited 

Question: how to move objects? 
Answer: impossible without basic math and physics  knowledge. 
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Velocity 

 constant velocity  

•  s = s0 + v * Δt 

»  s0 = 0 
»  Δt = t2 – t1 

»  s = v * (t2 – t1) 
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Object Velocity (1-dimensional) 

v=50 px/sec 

1 sec 

+12.5 px 

0.5 sec 

+12.5 px 

0.25 sec 

+12.5 px 

0.75 sec 

+12.5 px 

 Update Phase 
•  calculate displacement since last update 

–  displacement = v * Δt 
–  e.g.: Δt = 0.25  displacement = 50 * 0.25 = 12.5 pixels 

•  „add“ displacement to position of object:  
–  x‘ =  100 + 12.5 = 112.5 
–  new Position Pos(112.5,200) 

Pos(100,200) 
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Acceleration 

 constant acceleration 

•  a = Δv / Δt 

»  Δv = v2 – v1  
»  Δt = t2 – t1 

»  v2 = v1 + (t2 – t1) * a  
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Object Acceleration (1-dim.) 

v=50 px/sec; a=20px/sec2 

1 sec 

+17.50 px 

0.5 sec 

+15 px 

0.25 sec 

+13.75 px 

0.75 sec 

+16.25 px 

•  acceleration since last update (new velocity) 
–  v‘ = v + (a * Δt) 
–  e.g.: Δt = 0.25  v‘ = 50 + (20 * 0.25) = 55 

•  calculate displacement since last update 
–  displacement = v‘ * Δt 
–  e.g.: Δt = 0.25  displacement = 55 * 0.25 = 13.75 pixels 

Pos(100,200) 

v=55 px/sec v=60 px/sec v=65 px/sec v=70 px/sec 
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Object Velocity (2-dimensional) 

v=50 px/sec 
1 sec 0.5 sec 0.25 sec 0.75 sec Pos(100,200) 

Α 

+12.5 px 

+12.5 px 

+12.5 px 

+12.5 px 

•  Question: Calculation of x and y-displacement? 
•  Answer: trigonometric operations needed 
•  And: it is much easier to calculate with vectors! 

•  But first : brush up your math basics. 

disp.x 

disp.y 
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Determining the Line
 between two Points 
●  Points 
 A = (1,2) 
 B = (4,3) 

●  Line equation 
 y = slope*x + b 

●  Substitute 
 2 = 1/3*1 + b 
 b = 5/3 = 1,666* 

Figures borrowed from: http://www.mathwarehouse.com  
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Intersection point of 2
 Lines 
 Line equations 

•  y = 2x + 3 
•  y = -0.5x + 7 

 Substitution method 
•  2x + 3 = -1/2 x + 7 
•  5/2 x = 4 
•  x = 8/5 x = 1.6 

•  y = 2*1.6 + 3 = 6.2 

•  lines intersect at (1.6,6.2)  
Figures borrowed from: http://www.mathwarehouse.com  
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Pythagoras 

●  a2 + b2 = h2 

θ 

Figures borrowed from: http://www.wikipedia.org  
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Distance between two circles
 (centers) 

 V = sqrt( (x2-x1)2 + (y2-y1)2 ) 
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Intersection Points of Circles 

•  x2+y2 = R2 

•  (x-d)2+y2 = r2 

•  r2 = (x-d)2+(R2-x2) 
•  x = (d2-r2+R2)/2d 

•  substitute x in 1st formula 
•  y2 = R2-x2 

•  y = ±sqrt(R2-x2) 

Figure borrowed from http://mathworld.wolfram.com   
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Trigonometric Functions 

 unit circle: circle with r=1 

 sinθ = opp/hyp 
 cosθ = adj/hyp  
 tanθ = sinθ/cosθ = opp/adj 

 if you know one side length and angle θ  
 you can calulate other side lengths 

cos θ 

Figures borrowed from: http://www.wikipedia.org  
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Radians and Degrees 

 4 quadrants 

 angles in standard position  
•  rad = deg * (PI / 180) 
•  deg = rad * (180 / PI) 

 Java Math uses radians 
•  Math.sin(Math.PI) == 0 
•  Math.cos(Math.PI) == 1 
•  Math.PI = 3.1415... 

Figures borrowed from: http://www.wikipedia.org  
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Object Velocity (2-dimensional) 

v=50 px/sec 
1 sec 0.5 sec 0.25 sec 0.75 sec Pos(100,200) 

θ 

+12.5 px 

+12.5 px 

+12.5 px 

+12.5 px 

•  displacement = 50 * timeDiffSec; 
•  displacementX = cos(θ) * displacement 
•  displacementY = sind(θ) * displacement 
•  Pos‘ = (100+displacementX, 200+displacementY) 

disp.x 

disp.y 
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Circular Movement 

θ 
x 

Center(100,200) 

y 

•  angle θ (between 0 and 2π) is incremented over time 
–  speed of movement determined by angle increment 

•  r is the distance from the center 
•  x =  r * cos(θ) + center.x 
•  y =  r * sin(θ) + center.y 

r 

Pos(100+x,200+y) 
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Circular Movement 
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Charting Sinus and Cosinus 

Figures borrowed from: http://www.wikipedia.org  
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Movement on a Sinus-Curve 
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More Trigonometric Functions  

Figures borrowed from: http://www.wikipedia.org  
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More Trigonometric Functions 

Figures borrowed from: http://www.wikipedia.org  
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Cyclometric Functions 

 inverse functions (arcus) 
•  asinθ = arcsinθ = (sinθ)-1 

•  acosθ = arccosθ = (cosθ)-1 

•  atanθ = arctanθ = (tanθ)-1 

 Example: calulate angle 
•  tanθ = opp/adj  θ = atan(opp/adj) 
•  Examples: opp = 5, adj=5 

θ = atan(5/5) = atan(1) = π/4 = 45 degrees 

cos θ 

Figure borrowed from: http://www.wikipedia.org  
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Ranges and Domains 

 y=atan(x) 
•  domain: -∞ ≤ x ≤ +∞ 
•  range: -π/2 < y < π/2 

 y=acos(x) 
•  domain: -1 ≤ x ≤ +1 
•  range: 0 ≤ y ≤ π 

 y=asin(x) 
•  domain: -1 ≤ x ≤ +1 
•  range: -π/2 ≤ y ≤ π/2 

Figures borrowed from: http://www.wikipedia.org  
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Vectors 

●  Vector 
 defined by magnitude and direction 
 representations 

•  Polar coordinates: A = |A|θ 
– magnitude |A|: length of A 
–  direction θ: the angle 

•  Cartesian coordinates: A=(x,y) 
–  x is the x-displacement 
–  y is the y-displacement 
 used for coding and screen-positioning 

 unit vector: vector with magnitude 1 
•  normalization of any vector: divide by ist own magnitude 

Figure borrowed from: http://www.physics.uoguelph.ca  
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Vectors in 2D-space 

●  2D-vectors 
 (x,y)-representation  

•  a „directed edge“ between points (0,0) and (x,y) 

 Attention 
•  2D-screen! 

–  (0,0) is upper left corner of the screen 
–  y increases downwards 

 In games: vectors are used to 
•  represent a point on the screen (start and end of

 lines, object position, etc.) 
•  indicate direction, speed, acceleration, force, etc.  

(0,0) 

(4,5) 
y 

(4,5) 

(0,0) 
x 

2D-screen 

Cartesian 

v 

v 
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Resolve Vector into
 Components 
 Use of triangle trigonometric

 relationships 

 Calculation of A‘s
 components A.x and A.y
 with cos and sin 

 Conversion between Polar
 and Cartesian system 

Figure borrowed from: http://hyperphysics.phy-astr.gsu.edu   
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Polar  Cartesian 

Figure borrowed from: http://hyperphysics.phy-astr.gsu.edu   
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Cartesian  Polar 

Figure borrowed from: http://hyperphysics.phy-astr.gsu.edu/hbase/vect.html  

Remark: tan-1 = atan = arctan 
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Range and Domain of
 arctan 

 y=arctan(x)  
•  domain: -∞ ≤ x ≤ +∞ 
•  range: -π/2 < y < π/2 

Figure borrowed from: http://www.wikipedia.org 
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 arctan‘s range is between -π/2  and π/2  
 resulting angle must be „translated“ to angle in standard

 position, corresponding to quadrant: 
•  I  arctan(5/5) =  π/4 

  ok 
•  II  arctan(-5/5) = -π/4 

  add π 
•  III  arctan(-5/-5) = π/4 

  add π       
•  IV  arctan(5/-5) = -π/4 

   add 2π 
•  Special cases: adj=0 (90deg or 270deg) 

 arctan(1/0)  = not defined!  set to π/2 
 arctan(-1/0) = not defined!  set to 3π/2 

Determine Angle in Standard
 Position (Cartesian) 

θ 
x 

(5,5) 

y 

(-5,5) 

(-5,-5) (5,-5) 
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Determine Angle in Standard
 Position (Cartesian) 
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Vector Addition 

 R = (A.x+B.x, A.y+B.y)       commutative 

Figures borrowed from: http://hyperphysics.phy-astr.gsu.edu   
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Vector Addition Example 

●  A simple collision response  
● Movement components 
 vector magnitudes: px/frame 

•  A: velocity+direction of ship 
•  B: thrust/acceleration 
•  C: velocity+direction of asteroid 
 vector R: displacement of ship‘s position 
 angle of R: new direction of ship 
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Charting a simple
 Trajectory Parabola 

Α Pos(100,200) 

vector v: initial angle 
and launch velocity 

•  vector v decreased by
 vector g „gravitational
 pull“ (in each frame)  
and therefore reversed at
 peak 

g 
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Scalar Multiplication 

 A*c = (A.x*c, B.y*c) 

 Usage examples 
•  scaling, acceleration, slowdown, force influence 
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Dot Product 

 A  B = A.x*B.x + A.y*B.y 
•  scalar projection of A on B 

 Properties 
•  A  B = |A||B|cosθ 
•  A  B = 0: θ = 90deg  
•  A  B < 0: θ < 90deg  
•  A  B > 0: θ > 90deg  

 Calculate angle between vectors 
•  θ = arccos (A  B) / |A||B| 

Figure borrowed from: http://www.euclideanspace.com   
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Range and Domain of
 arccos  
 y=arccos(x) 

•  domain: -1 ≤ x ≤ +1 
•  range: 0 ≤ y ≤ π            (0..180deg) 

 for angle in standard position 
•  check quadrants and adjust (cmp. arctan) 
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Axis-aligned Vector 
Reflection 
 Vector  
 v = (5,4) 

 Reflection (Cartesian) 
 v‘ = (-5,4) 
remark: on a horizontal wall: (5,-4) 

 How to calculate new position? 
 newPos = oldPos + v + v‘ 

v 
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Perpendicular Vector 

 Vector 
•  a = (5,3) 

 Each 2D vector has  
two perpendicular vectors 

•  (-3,5) and (3,-5) v 
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Non-axis-aligned Vector 
Reflection 
 Vector  
 v = (6,2) 

 Howto calculate new position? 
 find perpendicular vector of wall: n 
 normalize perpendicular (magn. 1): n‘ 
 magnitude of projection: (-v  n‘)  
 vector p: p = (-v  n‘) * n‘ 
 now determine vector x = v + p 
 newPoint = oldPoint + 2*x 

v 

n‘ 
p 

x 


